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EXECUTIVE SUMMARY

Small cracks developing from rivet holes in lap joints of fuselage structure have been an issue of
concern over the past decade.  Stress-intensity factor solutions required to assess the structural
integrity of such configurations are lacking.  To address this need, the domain integral method
was used in this research to obtain the mode I, normalized stress-intensity factor distributions for
cracks emanating from a centrally located countersunk rivet hole in a square plate subjected to
remote tension.  Particular attention was focused on short cracks with an elliptical shape that
have not propagated through the thickness.  For these short cracks, the normalized stress-
intensity factor distribution depended on the shape and size of the crack.  Analysis was also
conducted on long through-the-thickness cracks with a straight front for which the normalized
stress-intensity factors were uniform.
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1.  INTRODUCTION.

During the last two decades, various methods, such as the finite element method (with or without
singularity elements) and the boundary integral equation method, have been employed to obtain
stress-intensity factor distributions for surface cracks and corner cracks in plates, see, Raju and
Newman [1] and Newman and Raju [2].  Another well established and particularly useful method
for evaluating fracture parameters is the domain integral method in which the crack tip integral is
recast as an integral over a finite domain surrounding the crack tip.  The calculation of the crack
tip parameters of interest can then be carried out in a straightforward post processing step in the
finite element method.  The domain integral method has been employed by Shih, Moran, and
Nakamura [3] to evaluate the energy release rate along a three-dimensional crack front in a
thermally stressed body and has been used by Nikishkov and Atluri [4] to evaluate the mixed-
mode stress-intensity factors along an arbitrary three-dimensional crack.

In this report, we employ the domain integral method to obtain the mode I stress-intensity factor
distributions for elliptical and straight cracks emanating from a centrally located countersunk
rivet hole in a square plate subjected to remote tension.  Particular attention is focused on short
crackscracks that have not propagated beyond the edge of the countersink.  Related work on
elliptical cracks emanating at various locations from countersunk rivet holes has been recently
carried out by Tan et al. [5] using the finite element alternating method.  In the finite element
alternating method, two solution procedures are required to obtain the stress-intensity factor
distribution for a particular crack geometry in a finite body.  First, the stress distribution in the
uncracked solid is obtained by the finite element method.  Second, the analytical solution for an
embedded elliptical crack in an infinite solid is combined with the finite element solution.  The
resulting nonzero tractions on external surfaces and crack faces are then canceled in an iterative
manner using suitable polynomial inverse functions and finite element solutions on the
uncracked geometry.

Although fracture parameters can be obtained very accurately using the domain integral method
for arbitrary three-dimensional geometries, the method is expensive in terms of the time required
to generate a mesh, in-core storage requirements for large three-dimensional calculations, and
solution time.  Mesh generation is particularly time consuming due to the difficulties associated
with constructing a mesh which accurately captures the singular nature of the stress field in the
vicinity of the crack front and near stress concentrations.  On the other hand, the finite element
alternating method is less time consuming because only the uncracked geometry needs to be
meshed.  The present work will compare stress-intensity factor solutions for a rivet hole
geometry with solutions obtained by other techniques or by other finite element discretizations.

We define the geometry of the problem in section 2 and present a general three-dimensional
domain integral formulation and associated finite element implementation in section 3.  The
numerical results are presented in section 4, followed by a summary and some concluding
remarks in section 5.
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2.  PROBLEM FORMULATION.

We consider the problem of a square plate with a centrally located countersunk rivet hole
subjected to uniform tensile loading as shown in figure 1.  The dimensions of the plate are

W/H = 1.0

W/R = 9.6

and the remote applied stress is taken to be unity σo = 1 MPa.  A cross-sectional view illustrating
the characteristic dimensions of the rivet hole is shown in figure 2.  We choose a Cartesian
coordinate system such that the load acts in the y direction as shown.  The countersink angle φ
and the ratios h/t and R/t are taken to be that of a standard rivet configuration (φ = 50o, h/t = 0.2,
R/t = 1.954).  These dimensions are also consistent with the dimensions of the sample used in a
recent experimental study by Fadragas and Fine [6].  The plate material is assumed to be linearly
elastic and isotropic.  The elastic constants of the plate are taken to be that of Alclad 2024-T3
aluminum with a Young’s modulus of 73 GPa and Poisson’s ratio ν = 0.3.

FIGURE 1.  SPECIMEN GEOMETRY (W/H=1.0, W/R=9.6, σO =1 MPa)
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FIGURE 2.  SPECIMEN GEOMETRY (h/t=0.2, φ=50°, R/t=1.954)

In the present analysis, cracks with elliptical crack fronts of various shapes and lengths were
assumed to initiate at the intersection between the countersunk and straight shank portion of the
rivet hole as shown in figure 3.  We define three crack growth regions as I, II, and III respectively
as shown in the figure.  The extent of the crack growth regions is defined as follows:

Region I     
Region II    h
Region III   d

0 < <
< <
<

a h
a d
a

where a is the major or minor axis of the elliptical crack measured from the origin of the
coordinate system in figure 2, d is the dimension from the origin to the end of the countersink,
and h is the height of the knee in the countersink.  The crack front is assumed to be elliptical in
regions I and II with various shapes defined by the ratio a/c.  The crack front is assumed to be
straight in region III.

c

a

d

h

I
II III

θ

t

FIGURE 3.  THE THREE CRACK GROWTH REGIONS I, II, AND III
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3.  DOMAIN INTEGRAL METHOD.

In this section we outline the formulation and finite element implementation of the domain
integral method.  Consider a curved crack front lying in the x1′ - x3  plane as shown in figure 4.
We denote by s and v(s) a point lying on the crack front and the in-plane unit outward normal
vector at s, respectively.  The pointwise energy release rate J(s) is given by

J v  u dk ik ij j k i(s) (s) lim [W ]m
(s)

= −
→ ∫Γ Γ

Γ
0

δ σ , (1)

where W is the strain energy density, σij  and uj,k are the Cartesian components of the stress and
displacement, and mi are the components of the unit outward normal to the curve Γ lying in the
x1′- x2 plane which passes through point s as shown in figure 5.  The energy released when a
finite segment, Lc , of the crack front advances an amount ∆alk(s) is given by

∫∆=∆
cL k dS(s)(s)v(s)JaaJ kl (2)

where lk(s) are the components of an arbitrary unit vector at s lying in the plane of the crack.

Lc
s

V(s)
x3

x1′

FIGURE 4.  A POINT s LYING ON A CURVED CRACK FRONT

By substituting equation 1 into equation 2, we obtain the following expression for J :

dAm]uW[limJ ik,jijik
0 t

klσδ −= ∫Γ→Γ (3)

where Γt is a tubular surface surrounding the crack segment Lc.
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FIGURE  5.  THE DOMAIN V ENCLOSED BY THE TUBULAR SURFACES St  AND Γt

In order to obtain a domain integral, we introduce another tubular surface St which surrounds Γt

as shown in two dimensions in figure 5.  In the figure, we denote by n the unit outward normal to
the surface St  and define V to be the volume enclosed by the surfaces Γt, St, and the upper and
lower crack surfaces C+ and C- along the crack segment.  In the absence of body forces, thermal
strains, and crack face tractions, the bracketed quantity in equations 1 and 3 is divergence free.
Hence, letting

H u Wki ij j k ik= −σ δ, (4)

it follows that

Hki i, = 0     in V (5)

We now define a vector-valued test function qk  as follows:





=
0

qk
kl

     

on 
on S

Γt

t
(6)

Assuming qk is sufficiently smooth to justify the following manipulations, we take the inner
product of qk  with the left-hand side of equation 5 to obtain

H q dVki i kV , =∫ 0 (7)

Next, we employ the divergence theorem and the definition of the test function (equation 6) to
obtain

∫ ∫Γ
=

t V i,kkiiki dVqHdAnH kl (8)
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Noting that ni = -mi on Γt, we obtain an expression for J  in terms of the volume integral

J H q dVki k iV= ∫ , (9)

Finally, if we assume that J(s) is constant over the crack segment Lc , J(s) can be taken outside

the integral in (2) and we obtain a simple expression for J(s) in terms of J

∫
=

cL kds

J
)s(J

νkl (10)

In order to illustrate the numerical evaluation of equation 10, we consider a schematic
discretization of the volume V surrounding the crack segment into 32 eight-node brick elements
as shown in figures 6 and 7 (more refined meshes are used in the actual calculations).  A cross
section of the schematic finite element mesh perpendicular to the crack plane passing through
node M on the crack surface is illustrated in figure 6.  A view of the mesh cross section lying in
the plane of the crack and passing through M is shown in figure 7.  Consistent with a standard
isoparametric finite element implementation, we define the test function qk within an element in
V using the trilinear finite element shape functions, i.e.,

q N Qk a k
a

a
= ∑

=1

8

(11)

a

b

M

x2

x1′

FIGURE 6.  CROSS SECTION OF A FINITE ELEMENT MESH PERPENDICULAR TO
THE CRACK PLANE PASSING THROUGH NODE M
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l k
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M-1

FIGURE 7.  CROSS SECTION OF A FINITE ELEMENT MESH PARALLEL TO
THE CRACK PLANE AND PASSING THROUGH NODE M

In equation 11, Qk
a
  are the discrete nodal values of the test function.  In the present analysis we

have chosen the nodal values such that

Q
x b and x a

k
a k

M a a a

=
= < <





v      if x  and 

         otherwise
3 2 10

0

'
(12)

In other words, the nodal value Qk
a is defined to be equal to the in-plane unit normal vector

vk
M

at node M if the node lies in the plane perpendicular to the crack plane which passes through
node M and does not lie on the boundary of V.  In the present implementation, we have defined
the volume V to be rectangular with height b and width a as shown in figure 6.

The discrete form of the integral (9) is then written as

J H q d
M

ki k i
e V e

= ∫∑
∈

{ }, ΩΩ (13)

where

q N Qk i a i k
a

a
, ,= ∑

=1

8

(14)

In the present analysis, the integration (13) was carried out using 2x2x2 Gaussian quadrature.
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In order to evaluate the integral in the denominator of equation 10, we assume that the energy
release rate is constant over the crack segment Lc and define the vector lk along the crack segment
as follows:







=
frontcrack on  nodesother  allat          0

M nodeat      v M
kM

kl (15)

By taking lk to vary linearly between the nodes M - 1, M, and M + 1 as shown in figure 7, we
obtain the pointwise energy release rate at node M

J
J

L L
M

M

=
+

2

1 2
(16)

where L1 and L2  are the lengths of the element edges containing nodes M - 1, M, and M + 1.

A typical finite element mesh used in the numerical calculations is shown in figure 8.  Due to
symmetry, only one quarter of the plate was analyzed.  The mesh shown in the figure is made up
of 5312 eight-node brick elements (with 6,497 nodes and 19,491 degrees of freedom) and was
employed to obtain the stress-intensity factor distribution along an elliptical crack front located in
region I.  A magnification of the mesh in the vicinity of the edge of the countersink is shown in
figure 9.  In order to construct the finite element domains necessary for the present domain
integral approach, a two-dimensional rectangular mesh composed of 51 elements was swept
around the elliptical crack front to create the three-dimensional mesh as shown in figure 10.

FIGURE 8.  THE FINITE ELEMENT MESH FOR THE CASE OF AN ELLIPTICAL
CRACK LOCATED IN REGION I
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FIGURE 9.  A MAGNIFICATION OF THE MESH NEAR THE INTERSECTION BETWEEN
THE COUNTERSUNK AND STRAIGHT SHANK PORTION OF THE RIVET
HOLE

FIGURE 10.  THE FINITE ELEMENT DOMAINS ALONG AN ELLIPTICAL CRACK
FRONT

Before performing the numerical calculations, benchmark comparisons were carried out in order
to validate the present three-dimensional domain integral implementation and to determine the
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necessary mesh refinement.  Stress-intensity factor distributions were obtained for both an
embedded elliptical crack and a quarter elliptical corner crack in a rectangular plate.  As reported
in Gosz and Moran [7], excellent agreement was observed between the finite element/domain
integral solutions and the benchmark solutions from the literature.

The meshes employed in the present calculations had between 18,000 and 21,000 degrees of
freedom, and the calculations were performed on a Silicon Graphics R4000 workstation
equipped with 192 megabytes of random access memory (RAM).

4.  NUMERICAL RESULTS.

In all of the numerical calculations, the pointwise energy release rates J(s) along the crack front
were obtained by the domain integral method as described in the previous section.  The mode I
stress-intensity factors KI (s) at each point along the crack front were obtained using the plane
strain relation

K s
EJ s

I ( )
( )

/

=
−







1 2

1 2

ν
(17)

where E is Young’s modulus and ν is Poisson’s ratio.  Although we recognize that the

asymptotic field has a lower order singularity than 1 / r  near intersections of the crack front
and free surfaces, the extent of the boundary layer is known to be small and thus equation 1 was
used throughout for the computation of  KI.

The mode I stress-intensity factor at a point along the crack front can be expressed in terms of the
remote applied stress  σo  and a boundary correction factor  F as

aQ) ,t/a ,c/a(F)s(K oI πσθ= (18)

where the parameter Q is the square of the complete elliptical integral of the second kind.  In this
report, Q was approximated by the formula given by Raju and Newman [1],

Q
a

c
= + 





1 1464
165

.
.

     

a

c
≤ 1 (19)

Boundary correction factors F for elliptical cracks located in region I are plotted versus physical
angle θ in figures 11-13.  In figure 11, the boundary correction factors are plotted along the crack
front for a/c = 0.4 for three different ratios of c/h (c/h = 0.4, 0.6, and 0.8).  Note that c  is the
characteristic dimension of the ellipse as shown in figure 3, and h is the height of the straight
shank portion of the rivet hole.  The boundary correction factors for the case where a/c = 0.8 and
a/c = 1.0 are plotted versus physical angle for four different ratios of c/h (c/h = 0.2, 0.4, 0.6, and
0.8) in figures 12 and 13, respectively.  As shown in the figures, the boundary correction factor
distributions depend heavily on the ratio a/c, but the distributions for each ratio of a/c do not
significantly differ for different values of c/h.
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FIGURE 11.  BOUNDARY CORRECTION FACTORS F VERSUS PHYSICAL ANGLE θ
FOR ELLIPTICAL CRACKS LOCATED IN REGION I (a/c = 0.4, c/h = 0.4,
0.6, AND 0.8)

FIGURE 12.  BOUNDARY CORRECTION FACTORS F VERSUS PHYSICAL ANGLE θ
FOR ELLIPTICAL CRACKS LOCATED IN REGION I (a/c = 0.8, c/h = 0.2,
0.4, 0.6, AND 0.8)

θ (degrees)

θ (degrees)
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FIGURE 13.  BOUNDARY CORRECTION FACTORS F VERSUS PHYSICAL ANGLE θ
FOR ELLIPTICAL CRACKS LOCATED IN REGION I (a/c = 1.0, c/h = 0.2,
0.4, 0.6, AND 0.8)

The boundary correction factors for elliptical cracks located in region II are plotted versus
physical angle in figures 14 and 15.  In figure 14, the boundary correction factors are plotted for
five different ratios of a/t (a/t = 0.16, 0.32, 0.5, 0.7, and 0.9) for the aspect ratio a/c = 0.4.  The
distributions for a/c = 0.8 and a/t = 0.32, 0.5, 0.7, and 0.9  are shown in figure 15.  As shown in
figure 14, the values of F tend to be relatively constant along the crack front until they drop off
near the free edge where the crack front intersects the countersunk surface.  As shown in
figure 15, the values of F are highest at the intersection of the crack front with the bottom surface
of the plate.  We note that the boundary correction factors are significantly higher for smaller
values of a/t within region II for both ratios of a/c considered.

The crack fronts are assumed to be straight in region III as depicted in figure 3.  The mode I
stress-intensity factors normalized with respect to the remote applied stress and the length
a′ = a + R are plotted versus a normalized length x/t for five values of a/t (a/t = 1.1, 1.2, 1.4, 1.6,
and 2.0) in figure 16.  As shown in the figure, for the largest value of a/t considered (a/t = 2.0),
the normalized stress-intensity factors are relatively constant through the thickness of the plate
except near the intersections of the crack front with the top and bottom surfaces of the plate.

θ (degrees)
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FIGURE 14.  BOUNDARY CORRECTION FACTORS F VERSUS PHYSICAL ANGLE θ
FOR ELLIPTICAL CRACKS LOCATED IN REGION II (a/c = 0.4, a/t = 0.16,
0.32, 0.5, 0.7, AND 0.9)

FIGURE 15.  BOUNDARY CORRECTION FACTORS F VERSUS PHYSICAL ANGLE θ
FOR ELLIPTICAL CRACKS LOCATED IN REGION II (a/c = 0.8, a/t = 0.32,
0.5, 0.7, AND 0.9)

θ (degrees)

θ (degrees)
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To compare the present three-dimensional results with corresponding two-dimensional results
obtained from the literature, we have also plotted in figure 16 the plane strain/stress value
obtained by Fuhring [8] for a two-dimensional plate of width W having a centrally located hole
of radius R for the largest value of a  considered (shown as the dashed-dot line in the figure).  It
is interesting to note that the three-dimensional results obtained for the case where a/t = 2.0
when the crack front is significantly beyond the edge of the countersink are higher than the two-
dimensional value (approximately 12 percent higher).

[8]

FIGURE 16.  NORMALIZED MODE I STRESS-INTENSITY FACTORS ALONG
STRAIGHT CRACK FRONTS IN REGION III (a/t = 1.1, 1.2, 1.4, 1.6,
AND 2.0)

The numerical data for the plots shown in figures 11 to 16 are given in tables 1 to 6.
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TABLE 1.  TABULATED VALUES OF THE BOUNDARY CORRECTION FACTORS F
VERSUS PHYSICAL ANGLE θ FOR ELLIPTICAL CRACKS LOCATED IN
REGION I (a/c = 0.4, c/h = 0.4, 0.6, AND 0.8)
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TABLE 2.  TABULATED VALUES OF THE BOUNDARY CORRECTION FACTORS F
VERSUS PHYSICAL ANGLE θ FOR ELLIPTICAL CRACKS LOCATED IN
REGION I (a/c = 0.8, c/h = 0.2, 0.4, 0.6, AND 0.8)
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TABLE 3.  TABULATED VALUES OF THE BOUNDARY CORRECTION FACTORS F
VERSUS PHYSICAL ANGLE θ FOR ELLIPTICAL CRACKS LOCATED IN
REGION I (a/c = 1.0, c/h = 0.2, 0.4, 0.6, AND 0.8)
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TABLE 4.  TABULATED VALUES OF THE BOUNDARY CORRECTION FACTORS F
VERSUS PHYSICAL ANGLE θ FOR ELLIPTICAL CRACKS LOCATED IN
REGION II (a/c = 0.8, a/t = 0.16, 0.32, 0.5, 0.7, AND 0.9)
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TABLE 5.  TABULATED VALUES OF THE BOUNDARY CORRECTION FACTORS F
VERSUS PHYSICAL ANGLE θ FOR ELLIPTICAL CRACKS LOCATED IN
REGION II (a/c = 0.8, a/t = 0.32, 0.5, 0.7, AND 0.9)
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TABLE 6.  TABULATED VALUES OF THE NORMALIZED STRESS-INTENSITY
FACTORS ALONG STRAIGHT CRACK FRONTS LOCATED IN REGION
III (a/t = 1.1, 1.2, 1.4, 1.6, AND 2.0).  THE VALUES WERE OBTAINED
FOR A REMOTE APPLIED STRESS OF UNITY.
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5.  SUMMARY AND CONCLUDING REMARKS.

Mode I stress-intensity factors along three-dimensional elliptical and straight crack fronts are
obtained for the problem of a plate with a centrally located countersunk rivet hole subjected to
uniform tensile loading.  Attention is focused on short, symmetrically located cracks initiating at
the intersection between the countersunk and straight shank portion of the rivet hole.  The stress-
intensity factors for cracks of various shapes and lengths are obtained by the domain integral
method.

For cracks that have not propagated beyond the edge of the countersink (short cracks), we
assumed the crack fronts to be elliptical and obtained stress-intensity factor distributions along
crack fronts for a variety of shapes and sizes.  For the shortest cracks considered (cracks that did
not extend beyond the straight shank portion of the countersink), it was found that the boundary
correction factors depend significantly on the shape of the elliptical front but do not depend
heavily on the size of the crack.  For elliptical crack fronts beyond the straight shank portion of
the countersink but not yet through cracks, it was found that the dependence of the boundary
correction factors on both crack size and shape was significant.  For the case of straight crack
fronts in region III, the normalized stress-intensity factors were relatively uniform through the
thickness of the plate for the longest cracks considered (i.e., once the cracks had extended beyond
the influence of the countersunk rivet hole) and the values were significantly higher than two-
dimensional results for corresponding geometry obtained from the literature.
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